I1. The Formalism of Derived Categories

. i ‘ 1.1 Triangulated Categories

1 | Let A be an abelian category. The derived category D(A) of A is a quoticnt category of
| the abelian category Kom(A) of complexes over A. The quoticnt category is defined by
making quasiisomorphisms into isomorphisms and this allows to identify complexes with
‘ their resolutions. Recall, that a complex map K’ — K is a quasiisomorphism, if the induced
cohomology morphisms H*(K’) — H*(K) arc isomorphisms in all degrees. However, by
taking this localization of the category Kom(A), the notion of (short) exact sequences of
complexes no longer exists and has to be replaced by the notion of distinguished trisngles,
which itself derives from the concept of mapping cones. The derived calegory thus becomes
a triangulated category, a notion first introduced by Verdier in [ Ver], |SGA4% .

Suppose D is an additive category with an additive automorphism of categories

7 . D — D, which is called the translation functor. By abuse of notation we write

X € Do indicate that X is object of a category D. For n € Z we usually write

FrX) = X[n]resp. .7 " (f) = fln] both {or objects X and morphisms f in D.
Atvdangle T = (X, Y, Z, u, v, w) in D is a diagram in D

H t 1

X Y Z X[I1.

Instead of writing such a diagram, we often use the abbreviated abusive way of
writing (X, ¥, Z) or (X. Y, Z, *, %, #), il the underlying morphisms are understood
from the context.

A morphism (f, g, h) between triangles is a commutative diagram

" v u'

X’ Y A X'
lf l&' lh l_ﬂl]
¥ u y v 7z w X[

It
T=(X.Y,.Z,u,v,w)
B dtnangle, we ¢yl

rot(T)y =(Z|-11, X. Y, —w[=1}L u, v)
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the rotated triangle. 1f ¢ frg T' = T is a morphism between triangles, ! .
then roi(f. g. ) = (hl=11. fo @) is a morphism between the rotated triangles X i, X LO _u X[
rot(f.g. 0 rot(T"y = rot(T). g !
| idy lu \Bh lirlﬂ 1]
sgory D with a translation | ¥y .yt Z X[

nlated category is an additive cate

uished triangles satisfying the following axioms

Definition 1.1 A triang
functor T and a class of disting

TRI, TR2, TR3 and TR4:

Furtherm : is
Mol fon-:,:nim)?r[l):hlsm_g : A — ¥ salislying v o g = 0 fuctors over X b
: . For this apply a rotated version of axiom TR3 (o the pui{

(g, =1(¢.0:

TRI (Rotation)
d triangle rot{T) is distin-

a) A triangle T Is distinguished if and only if its rotate
guished. il
b) Triangles isomorphic 10 distingnished triangles are distinguished. A—=A W 0 0 Al
. ' ;
(X1=11, Vi=H, 2= ui=1] v, l ! l* ! l.f"'
X —=y —fm 7 2 X(I].

—id. idy*ror’(T) =

T = X, V. Z, 1,0, w) is distinguished. This will

Especially {(id,
—wl=11) s distinguished,

be relevant for axiom TR4.
By repeated use of the rotation axiom this proves

TR2 (Existence of cones}
Theorem 1.3 Let (X, Y, Z .
completed (not necessarily uniguely) to D the sequence « Zou v, w) be a distinguished triangle in D. For any A in

X — Y in Dcanbe
sueh object Z will be called a

le(X,Y,Z,u, v, w). Ay
X — Y.
0.0 i distinguished.

a) Any norphisnta -

a distinguished triang

cone or mapping cone foru oA XTiD % Homin¥1ip) 1 y
YD T2 Hom(A, 20D "% Hom(AX]i+1]) "2

b) ]’"- fru &
in ,h ‘ k x X ’ & I f i E
’ l IJ ]
. &t "!ﬂ I\ e J,Lf'l
!U 1'!, exact o

sequence

conmutative diagram
s=Hom{X[i]. 1) ulil® Ham(Yli oli)* ) *
n(Y1il.8) = Hom(Z[i], 1) wii]® Hom(X|i+1).8) ali+1®

TR3 (Mm-phi.\'ms). Any

In the first variable.

xf . - Y'
Immediate conse
Vol mediate consequences of the long exact Hom-sequence are
Corollary 1.4 ] ]
IF (S, g, 1) is e marphism between distinguished triangles and f and
! g et

1o a morphisnt (f. 8. h) benween given are isom !
‘ 1 arphising, then h is an i,
3 is an isomorphism

ssarily wiguely)
Yand (X, Y, Z, 1.0, w).

cun be extended {not nece
Y.z u' v ow

distingnished triangles (X',
Proof. This f :
. This follows from . L
the 5-lemma. Applying it to the two Ham (A, )-sequences

for (Xr‘ Y’ Zl . .
LYy and (X, Y, Z) it shows hy, : Hom(A, Z') = Hom(A, Z) for all A

¢ TR?2 and TR3, whi¢ ializing 10 A = 7' 7 i
glo A =Z' Z gives arightand leftinverseto /i : 2" — 2 0

his alread
-scquen_c

he axiom
triangles. Alogether t
exact Hom
before we formuis

1 one also has versions of t
and TR3 to rotated

The most important is the long
quences

Due to axiom TR
are obtained by applying TR2

has a number of consequences.
stated in Theorem i1.1.3. We first discuss these conse

the last axiom TR4 of wriangulated calegorics.

Orollary 1.5 F;

ALY Lo Fora given morphism o

Orphic. Tivo di\'ﬁn{’ui i :';””-;’“M" X — ¥ any nwomapping cones Z,, are s,

Qched 1o 5 - X _}AY 5 r.c; ;mmgles (X.V. Zy,u, v, w)yand (X, Y, Z ;: ‘ r:)

= 1 with the samne i o o g L0, W

=Woh, wi ) same mapping cone Zy are relate ' -
 With an isomorphism h of Z,, w are related by o' = h~" ov,

sof.
Use Corallary 11.1.4 and axiom TR3
e [j

ished triangle, Thenvot = 0ol
ce this from:

K12 Let(X,Y, Z, u, v, w) be adistingy
(idy. 1) 10 dedu

Remar
TR3 with (f. 8) =

Use Axiom TR2b and Axiom
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Conversely, any object Z isomorphic by / Z=Z,wacone Z,ofu: X Y
is itself a cone, since the triangle (X, Y, Z, u, v, w') forv’ = hlovandw' = woh
is distinguished by axiom TR1b.

Remark (Rotated Version of Axiom TR2a). Any morphism w : Z — X|1] can
be completed to a distinguished triangle (X,Y.Z,u, v, w). The resulting object ¥
is called an cxtension of Z by X attached to w € Hom(Z, X{1]). As a variant of
Corollary 11.1.4 and 11.1.5 any two extensions attached to w are isomorphic.

Corollary 1.6 If (X, Y. Z,u, v, w) isa distinguished triangle and w is an isomor-
phism, then Z = 0. Conversely Z = 0 implies that u is an isomorphisnt.

Proof. The long exact Hom(Z, .)-sequence implies Hom(Z, Z) = 0 and proves
the first statement. The second statement again follows from the long exact Hom-
sequence, 0

Corollary 1.7 If (X, Y. Z, u, v, w) is distinguished and w=0, then' ¥ =Z®X such
that 1 and v correspond to the inclusion resp. projection map.

Proof. Exercise! Firstfind p with pou = idy.then{ind i withidy =unop-+iouw
Then v o i = idyz and finally p o i = 0 follow from the injectivity of the dual
Hom-sequence at X[ 1]. 0

So far we have discussed the axioms TR1-3 of a triangulated category and some!
trivial implications. We now formulate the remaining axiom TR4 for triangulated’
categories, the so called octaeder axiom. See also | 140], especially for an explanations

of the name.

Aviom TR4a (Composition Law for Mapping Cones). Suppose we are given mor
phisms it : X = Yandv:Y = Z. For any choice of mapping cones Cy, C, and
C oy With defining distinguished triangles

T;l L (X- Yﬂ Clh”v *1 *)
Ty = (Y, Z,Cy, u, %, %)
Toow = (X, Z,Cray v 00U, *, *),

there exists a distinguished triangle T relating these mapping cones
T = (th CI-:Hn Cp.ﬂf, ,60 }’) 1

which makes the following diggran commule

'-_ihe distinguishe
=0 the axjomy
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X1 XTt]
. 3 =-pl-1|
Cul = . E 5
[” | O Coon _L Cy
Col~11 — ¥ - z C
»
’Ii Voh
X X,

The two vertical lines of the diagram ;

he 1wo ! gram are defined by the morphisms

d:slmgutsl(lled‘ .lr‘mng.les T, 'T,-L.,,, the two horizontal lines by tth m;;npili{::‘nihef “:0

two rotated distinguished triangles ror(T;), roi(T'). Note, that although \-m: la::u:'ne
: y assume

the triangles T, Ty, Tyuu to be chosen 6
: PO Sy sen fixed, w .
morphisms. e preferred not to give names 1o all

Axiom TR4b. For the full octaeder axiom one adds the Surthe

wativity for the diagram rcondition of connut-

Z[~1l] =———

Z[-1]

c -vi=1] _ " Bl=1] =
w~——Cl-N 2L -2 ey

C, — Y u H

X ld----u["l]

(-1

Z

Z.

li € two verii .
E, ical lines of the diaoram : .
Blished trianglog 02 ¢ diagram are defined by the morphisms of the distin-

ot=(Tyou), ror*(T,), the two hori i
wou) 1 v), orizontal lines by the morphisms
((l);r'mn{glcs (id, ~id, idY* (ror3(T)) and rm(T,,)j.( phtsms
i triangulated category there is a certain redundancy: axiom

iS a cp| . . .
NSequence of axiom TR4a and TR4b, Consider maps f, g

w',uas in
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TR3. Then axiom TR4a, which is 2 kind of pushout axiom, applied to X Lyl Sy
and axiom TR4b, which is a kind of pullback axiom, applied 1o X 14, x 5 ¥ 1o0gether
imply TR3. Fork := gou’ = uo f thisdefines morphismse : G = C respectively
g : Cx — Cy. Then I = p’ o defines a morphism (/. g, 1} between the triangles
(X' Y, Cy)yand (X, Y, Cy).

The Derived Categories D(A)

"The most prominent example for a triangulated category is the derived category D(A)
of an abelian category A, as imentioned in the introduction. It is the localization of
the category of all complexes Kon(A) over A by the class of quasiisomorphisms,
A short review on this is in the appendix 11 of [FK}, p. 292 and in chapter 1 of | 140]
{Hartshorne).

To verify the axioms TR1-4 for derived categories, it is uscful to be aware of
the fact that the localization functor is not injective on homomorphism groups. in
particular homotopic complex maps become equal in the derived category. However
this gives some extra freedom. So one can proceed in IWO SIEpS: first pass 1o the
category K (A), whose morphisms are homotopy classes of complex maps, and then
invert quasiisomorphisms. The axioms TR 14 can be established already on the frst
level as properties of complexes up to homotopy. To invert quasiisomorphisms in
the category K (A) becomes much more convenient, because the class of quasiiso-
morphisis is a localizing class, i.c. it allows a calculus of fractions in the category
K (A). Sce [FK] A IL1. Morte details can be found in [Verl, [104], [140].

In the same way onc can define the derived categories DY (A), D (A), and
DP(A) as the localization of the full subcategory of complexes which are bounded
{o the left, bounded to the right respectively are bounded. They can be embedded as

for % € {+., —. b} there cxist quasiisomorphisms s, f, such that f o s respectively
t o f are homolopic 10 complex maps.

has a right resolution by a 50 called K-injective complex. Using this fac

K -injective complexes. Sce |Spal, [Tarl. This implies, that Hompa(X, Y) is a 5€t
in the case of an abelian Grothendieck category A. Sec also the following remark fof
the case of the subcategory DAY of D{(A).
Remark 1.8 If K, L arein DH(A) and L is injective, i.e. all components Ly Of".l_‘_
complex L are injective objects of A. then any morphism f in Hom prar(K l_‘_)"
represented by a complex map p K —» L. The localizing property of quastise
morphisms, which is formulated in [FK] A 11 1(2), allows (o reduce the proof 0
statement to the case, where f is the inverse of a quasiisomorphism #

full subcategorics into D(A). In particular for 4 morphism £ in Homp-a) (K, L)

We remark that the construction of D(A) by localization gives set theoretic.
problems unless A isa small category or belongs to some given universe, sinced priofi}
Honipay(X. Y) is not a set. However, let the category A satisfy the Grothendieck?
Tohoku axioms (| 1131). Then every — may be unbounded — complex K of K am(A_-)_

conclude that D(A) is equivalent to the full subcategory of Kom(A) given by all

v

e,
L
fEiteader is rofe

Remay
e kK 1.9 The
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(using fractions with left denominators we f;
. rs we find u such that is
o . m [ ateu o fis acomplex me
ﬁo.rl quzul!}s](i);::(?rphlls?.u it is enough to show, that there exists a corzplex :1213
K= Lw is a left inverse of 1 up to homot m he '

“- hich : opy. Namely then (using c: 3

of fractions with right denominators) the morphism f and lhe):.‘ompl(ex lr::ﬁ aculus
ap p

L
2 LN
K L K L

u i i
or fi K<——L—">L andp: k<1 g L
category, since we have the commutative diagram b comeldenthe derived

L
WA TN
/" N
# "%,
Li . K
M/ “"-'-’Jd P
L .
K -
L

To construct p let C = C,, be the cone i
b constr . n the category K*(A). The ave :
dClsnn"gumI;cI:d] t;mngle (L.K,C,u,+,+)and C is acyclic and bounded blzzl?): hlj:c .
u:? l;lry. L olne‘rcd.uce.s the construction of a homotopy left inverse f‘o s
ollowing fact: If C is acyclic and [ is injective (/ = L[1]) and boll; CI:mdrI" "
are

i * Complcx map C I i 5 h i Il
T i .I. . . » ] b mO[oplC to lhe 2E€ro map.
! Ih 5 I[()Il]()[opy 15 constr I.lClCd IlldULllvcly LISlllg tlle CxlellSiD[I plOPCIly h" i"ieclive

objects. See e.g. [104], p. 180. So for K, L € D*(A) and L injective, the natural

- map

Hompea (K, L)y — Honrpya)(K, L)

,- is sugeclive. It is also injective, sinceuwo f =0 for f € H

i i AL since Ot g+ and
;ﬁiﬁmox(hfm;{{ : K --> K lfnplles S = 0.1In fact ™ ; Ht:;n;ﬁ)((f(':")f;‘d—:
e Cu(;:()' ! [i-,iq r{l)h”;)l'ljf‘."t.f(‘lvc. Since Hom g+7(Cy, L) vanishes folr the 'ucyclic
. K+EA) .Th ws from the long exact Hom-sequence for the triangulated
o - Therefore the Hom-groups in the derived categories DT(A) and

(A) c: . .
: ) can be computed in terms of the homotopy category K (A) using injective

solutions in t ari isi
. he second variable. This is convenient, provided the abelian category

lhase LIRS .
nough injective objects. See Verdier [SGA4 4|, p. 299 for further informatio
3 ation,

\Other ex;  of (ri

iy inli:::]cp(:e;no:]]én::j]-gmauv:d cutegorie.‘_i can be found in [104). We will be
e 'mpg,.ulaled culeg(?rlcs D(X) = Df.’(X. Qy) for Hnitel

b over Q hn.llc or algebraically closed ficld. These categories : :

erived categories. For further details on these (:Euleg;r?t:i

tred ix A
ed to Appendix A and the corresponding section of this chapter.

Ined as certain limits of d

diner: - .
tagram of axiom TR4b is formally obtained from the diagram

iom TR4a b - .
Y replacing the direction of arrows (and renaming). This implies
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that the notion of triangulated category is self dual: If D is a triangulated category,
then also the opposite category D', obtained by inverting arrows with the induced
translation functor and induced distinguished triangles, is triangulated. Later we will
use this in the proof of Corollary 11.4.2. Nevertheless we mention, that the only
information added by TR4b to TR4a is the commutativity of the middle square of
the TR4b diagram. In other words TR4b is, modulo TR4a, cquivalent to cither ope
of the two statements:

TRAY': (u, idz, B : Tyow — Ty is a morphism of distinguished triangles.
TR4b”: The two hidden ways, to go in the diagram of axiom TR4a over the
upper right corner from Cypoy t0 Y11, amticommuie.

More precisely, Axiom TR4b" states
(—il[=1e B =—(=ull)ok.
if Ty = (b, %, %, 0,5, 0)and T = (k, %, £, 0 0N, Jj. k) are the wriangles chosen,

Remark 1.10 The isomorphism class of the distinguished triangle 7', whose ex-
istence is imposed by axiom TR4, is determined (up to isomorphism) by the three
cones Cy, Cy, Coor and the morphism y, according to Corollary 11.1.5. However,
—y[—1] and therefore also y is uniquely determined by the commutativity of the
left square of diagram TR4a — as the composite of the given maps Cy,[—1] — Y and
Y — C,.appearing in the two distinguished triangles T, and Tj,. Thus the triangles
T Ty Tyou determine T up to isomorphism.

I1.2 Abstract Truncations

In the derived category D{A) of an abelian category A one has full subcategorics D(AE" and]

D(A)=™, consisting complexes with vanishing cohomology in degrees strictly larger than n
resp. strictly smaller than m. By the process of truncation, a given complex can be splitinto

two complexcs, one of them in D(A)=Y and the other in D(A)= ! This has an abstract analog
in an arbitrary triangulated category, motivated by the theory of D-modules and the Riemant:

Hilbert correspondence. The notion of t-structures was first introduced in (BBD)], inspired by
the non obvious t-structures underlying pesverse sheaves respectively holonomic D-modules
with regular singularities.

Definition 2.1 A t-striecture in a triangulated category D consists of two strictly full

subcategories D=% and D O of D, such that with the definitions p=r = p=o[=nl

and D=" = D% —n)we have

(i) Hom(D=", pzhy =0.
(ii) D=0 c D= and D*' c DO, _
(iii) For every object E in D there exists a distinguished triangle (A, E, B) wit
Ae DVand B e D>\

the th
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s sal ith res, }
P is said mf:':e bhounded wni_:fn.specr tothe t-structure, if every object of D is contained
in some D= and some D=" for certain integers a, b,

Twncutioq. Suppose we are given a t-structure.
In the suuauon'ofll.’.!.l(iii) we have 8 € D=! and B[~} e D='[-1) c D=!
b,{ I:lr.op.crly.lllnl..?(.jl(n). Therefore the long exact Hom-sequence 11.1.3 attached to
the distinguished triangle (A, E, B, n, #, %) together wi ishi
X v 2, Bt ok, gether with the vanis
1i.2.1(i) of t-structures implies Dy

ty i Hom(X, A) = Hom(X. E} , for X e D=0,

This ft_mdumenlul fd(;.l has the striking consequence that v : A — E is a universal
m%phlsm _I'rom D to the given object £ € D. Every morphism from some X e
D=" 10 E factors in a unique way over the morphism

3!

Xe Dsﬂ

This universal property characterizes the pair (A, i) uniquely up to isomorphism
We thgrcforc wrile A = r.o(E). The assignment t-g is functorial in E. For ew;e :
morphism [ : E' — E, the composite f o u’ : 1-:_()(5’) - K I'aclo'rﬁ throul'—z
u:1<0(E) = E by a unique morphism T-0(f). In other words: A ¢

1'1_-.(1 D= D'_-[)

fleﬁnes a funclor, which is right adjoint to the inclusion functor of D=2 into D. The
isomorphism 1, established above turns out to be the adjunction isomorphism

Similarl assi ines
y, the assignment £ — B defines a functor o) 0 D = D=1 which

8 l_t':fl adjoint to the inclusion of D=! ¢ D. We will assume, after making some
;_l!_ho;ces, that the functors t-g, r-| are fixed from now on. -

;R S o . -
tsume. From the discussion of t-structures so far we see, that the distinguished

E p OpL [y ( ") fOI t-str uctures hds. -
uu"call(]ll tr 1an ']6 ()l T I 1 now bc(.Ol]lC lhc Lllllqlle dl\

lii)’ ad-¢ _ ad.

T-0(E) — E —> 12)(E) = t<(E}1].
i:d ﬁrr]:l lwo_morph.l.sms have become adjunction maps. They uniquely determine
ey isl:E SI ‘lhe triangle. For this recall Coroliary i1.1.5 and the fact, that / =
Fx nique morphism /i @ 7. (E) = 1. (E) with the '
- : > Tt =
=1 because of the adjunction formula Property fhaadz;

Hom(E ¥) = Hom(z-(E),Y) , for ¥ e D3,
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from above gives the adjunction formula

for X € p=0.

Similarly the isomorphism u.,

Hom(X, t=0(E)} = Hom(X,E) ,

Properties of the truncation functors. Recursively define <, forn € Z by

(T\.-_"._](X))l” = T« "(X[”)

or To{X) = (rp(X[nDl=nl. Then t=y4 is right adjoint to the inclusion funcior
usion properties of the underlying cate-

p=" ¢ D. Therefore, by the obvious incl

gories
Tem © Tep = T<m for m<un.

Lemma 2.2 (Orthogonality) Ffor objects E € D the following statements are
equivalent

(i) E isin D=1,

(iiy Hom(D=", E)=0.

Proof. One casily reduceston = 0. Then one direction is the statement of property (i)
for t-structures. For the converse direction (i) = (i) it is cnough to show 7- ol EY=0
by Corollary il.1 6. But t-p(E)

Hom(t-g(E), T=0(E)) = Hom(t-o(E

), Ey ¢ Hom(D3Y, E) = 0.
We als0 WrILe Top TOF Tops) OF Top TOF Topo1.

Lemma 2.3 (Extensions) Supposc (X.Y,Z)isa distinguished triangle. Then

1) If X and Z are in D=", then also Y is in D",

2) IfYisin D" and if X isin Dl = DEN then also Z is in D=1,

Proof. Apply the long exact Haom-sequence |
The statements of Lemma 11.2.2 and 11.2.3 have dual versions, We define
(Tonis I(X))l 1= ijm(Xl D

rm = n.Suppose (X, Y. Z) is dis
=m implics X € D"

Wilh T2 © Tom = Ton fo
DM Z & p=m | 5 DE

D=" implies Y € D" and ¥V €

Lemma 2.4 (Compatibility) We have
T.m(D") C D"

and .s'l'ri:i!arl_\'

— 0 follows from the adjunction isomorphism
|

113 and the criterion (i) = (i) Of
O

tinguished. Again X. Ze
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Ten(D") C D"

Form = nwe have t:m(D?") = TSH(D?-'") = 0.

Proof. We only proof the first statlement. For n < m and X € D=" the n

map X — T=mX is zero by 11.2.1(i). Therefore the adjunction form l'e '“d“-"""q
H(,m.(ramX, T'?_,,,X) = 0, hence id;, _x = 0or 1-,,X = 0. So ass o amplies
Consider the distinguished triangle (t_<m..|X. X, t;,:,,";(). For.X S [;;L’I'n"e(;" =
we have T<y—1(X) € D=1 ¢ D=F1 The claim now follows from lh{;l :xlz:l;_i:o::

Lemma I1.2.3.
|

?jxcrcnselz.S Two f-structures o« and § of a riangulated category D which a
included in each other in the sense that *“D=" ¢ #p=n epzm — Ep=m poce .:'c
: . ssarily

coincide.

11.3 The Core of a t-Structure

Inthe .derivcd category [}{A) attached 10 an abelian category A one can reconstruct A from th
car]ul!wa]: t-sjruclurc by considering the full subcategory of complexes in D(;t)sn Nnb{A >UL
This u: lf e calc;i‘ory of cnmpl(t):xcs with vanishing cohomology outside of degree 7c1fo }!I_‘hc
patural functor A = D(A=Y 0 DAYZ0 delines an equi l oric
LS G s equivalence of abelian categories
ient;:lé:r; gr?:u(:r‘; on a triangulated category D defines in a similar way an ubel‘:::ilbga::ztloln
: ore(D) = Corer (D). However, the relationship between D and D(Care(bD;y)

is not clear in geneml].

Let D be a triangulated category with a gi '
given t-structure D=9 ; =0_Defi
core Core(D) to be the full subcategory Core(D) = D=0 .Dd;‘('l D befine the

‘Theorem 3.1 The core C = :
_ ) re Core(D) = D0y p=t
k. attached to a r-structure
o I - ] A )
triangulated category D is an abelian category. A sequence in Core(D) “or

0+XS5YS5zZ-0

is exact i v ) N { Fotf
S exact if and only if there exists a distinguished triangle (X, Y, Z, u, v w) in D

Proof. For a morphi :
fin2/ For: rphism f : X — Y between objects :
i D with distinguished triangle (X, ¥, 2 1) ande‘L:n5 b <

Kerg:= Tf‘-()(zf[—ll)
Kokerf =T0Zy .

€p !. Fo <0
rAe D% we have Hom(A, T (Z7[—11) = Hom(A, Zs[—1]), the

%

Junction s .
i lon;:;t'lorphlsm. Furthermore Hom (A, Y[—1]) < Hom(D3Y, p21) = ¢
act Honi-sequence gives the short exact sequence , S

For the
[Beiy

core of i chips : :
perverse sheaves considered in Chap. 111 this was clarified by Beilinson
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00— Hom(A, r,_-:()(Zf[— 1) — Hom(A, X) = Haom(A,Y).

Thus i : Kery — X withi : 0(Zs=1D — Zel—=1]— X represents the kernel
of fin D=L, Similasly 7.0Zf With 7 : Y = Zy = 1205 = Kokery represents
the kokernel of £ in D=0,

Step 2. For the existence of kernels and kokernels in Core(D) it remains to verify,
that Ker . K oker 7 arc objects contained in Core(D). Indeed Z; € DE'NDE"1 by
the extension Lemma 11.2.3 and its dual version. Therefore the compatibility Lemma
11.2.4 implies that Kery, Kokery are in Core(D).

). Tt remains to show, that f : X — Y decomposes
- Z — Y for some Z € Core(D)} with
Kerp — Xyand b 1 Z = Ker(m ;

Step 3 (Factorization Property
into a composite of @ : X — Z and b
induced isomorphisms a, 1 Z = K oker(i :
Y — Kokery).

“To find Z and the factorizat
to the composition of arrows defining
commutative diagram

ion [ = b o a consider the octaeder axiom attached
: Kerp = X, which gives the I'o]lowing

® L ]
—r[-=1] b
Y[-1] —— Kokers| -1} Zz Y
ad =) o
f
Y[—l]———>zfl—” X Y
adq i
Kery Kery

From ¥ € D= and Kokerg|—1] € Core
D=V using the extension Lemma 11.2.3. Once more Lemma |

Core(D) C D=0, shows Z € D=Y. Thus Z is an object of Core(D)

Z € Core(D) .

Step 4 (Remaining
the definition of kernel and kokernel in step 1,

b1 Z=Ker(m: Y — Kokery)

(D)1} c D= € D=0, wepget Z €
1.2.3, and X, Kerf €

Verifications). The fact that Z is in Core(D) implies, recalling
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et Z = Koker(i : Kery — X).

T].w second isom(?rphism ay comes from the distinguished triangle (Kery, X, Z)
with Z as a cone lor the morphism i : Kery =+ X. Therefore Koker; = r>(;(2') =
Z. o
.Thc first isufnorphism b, comes from the triangle (Y]|—1], Kokery[—1], Z)
which makes Z into a cone for the morphism wr[=1] : Y]=1] — Kokerfl—l’] ll‘;
fact, Fhe cmf1mlllllauvuy of the left square of the diagram above shows that its up'pcr
map is =7 [=1] and we are allowed to modify the triangle by an is i J
Therefore we get Kerg = t<p(Z|1][-1]) = Z. e Ty o somoRic one

Step 5. The additivity axiom finally making Core(D) into an abelian category is
clearly satisfied, as Core(D) is closed under extensions by Lemma [1.2.3. D

Lemma 3.2 For X, Z in Core(D) we have

"
E.HCUN,(D)(Z. X)=Hom(Z, X[1]).

Proof. Nol(? that any distinguished triangle (X, ¥, Z) satisfies ¥ € Core(D) by
the assun.lplmns.und Lemma [1.2.3 and its dual. Therefore the proof follows from
_the dcﬁm‘uon. of Cm"'c(D) and the remark after Corollary 11.1.5. The identilying
isomorphism is described as .follow.s: Any extension of Z by X in the abelian category
Core(D) corresponds to an isomorphism class [ £] of an exact sequence in Core( D)
E: 0=+X—-Y—+2Z-0.
By definition, such.un exact sequence in the core arises {rom a distinguished triangle
(X,Y, Z,u, v, w)in D. The isomorphism class | £] of it is uniquely determined by
‘w € Hom(Z, X[1]). Sce Corollary 11.1.5 and the remark thereafter., O

) w‘.!'he. r:f)rrcspon(!ing slinlemem for higher Exr-groups is satistied for the derived
ategories D(A) with their canenical t-structure. It might not be satisfied in general

;,. :Tgl!:k fubcalegt.rrius. A full triangulated subcategory C of 4 triangulated cate-
Iy D is called a thlck subcategory, if objects X, ¥ € D must lie in C, provided
MIETE exists a morphism f @ X — ¥ such that ’

|) S factors over an object in C
) f has a cone Cone e C.

D F

3 ﬁuthj l:“';l ::lin,iulu;(;d cufz.:gor)_/ and if C is a thick triangulated subcategory, then

BG4 bé:m:y- : /|C is a triangulated category, See [SGA4=_'!]. p. 276fT,

i abelinn oy 'Od e A|.m culego_ry.. A Serre subcategory B or thick subcategory

aking Squumicmz: ar:d is b)_r_ definition a2 ﬁ'J]I subcategory, which is closed under

Biegory, 1 1o op cxl?nsloqs. The quotient category A/B exists as an abelian
tained by inverting all morphisms, whose kernel and cokernel is
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in B. This class ol morphisms allows a calculus of fraction. The ‘quolicnl Itunclor
A —» A /B is an exact functor and maps objects of B to the zero object. f.\ny tunctor
from A into an abelian category with this property factorizes over the quotient functor
A — A/B. See Gabriel [102], p. 364(T.

Examples. Suppose D is a triangulated category wiEh l-.slruclure azd cEre A=
Core( D). Suppose C is a thick subcategory of D, which is stable ur? gr.ll e‘corre.
sponding truncation functor t<g. Then B = C M Core(D) is a Serre subcategory of
abelian category A. '
e ;?:;;;::: deegisrft triangulated category with t-structure. Su?posch ;ls a Sema_
subcategory of A = Core(D). Then the full subca.legor'y C dehne. y (l: 0 _]Ec.ts
X in D, whose cohomology objects H/(X) - as dehn-ed in the next section! — an? in
B for all i € Z, is a thick triangulated subcategory of D stable under the truncatiop
luml\lgwrzg:;ume that A is a noetherian and artinian abelian (_:alcgury, _zmd SUPPOS.E B
is a Serre subcategory of A. Then objects X of A h‘.!ve a unique maxm.wl' !;Ub0b:|ect
X« isomorphic to an object in B, and a unique (up to isomorphism) ma‘x'nlmll_ qu:imem
object X, isomorphic to an object in B. The quotient (X = X/ X, is le x} reduced
- i.e. has no nontrivial subobjects from B — and lh.c kemel X, = K er(‘ — _?(q)
is right reduced — i.e. has no nontrivial quotient objects !'rom B.. Thehe[:nporph!sm
X — , X induces an isomorphism (. X), = (X, ). For this consider the left vertica]
morphism of the next diagram

0 X, X Xy —=0
3! -
0 —= (X)r —> X —>(X)g —0

Using the connecting morphism of the snake Ieml'r_m app!i.cd tothe diz.lg‘;rz.lm, it fg!lo:;.r: |
that the cokernel of the left vertical morphism is in B. SnnFc X )‘,. is right l:e ut:I : 4
this cokernel therefore is zero. Thus X, — ( X), 1s an ep1morphlsn.1. Tl::: crni{:1 .B
of this epimorphism is in B (a subobject of X,‘-)..Stncc X .hus no .sul;t_) Jff;fsx u’:
also (, X), has no subobjects in B, Therefore K is the maximal subobjec [Pl
; =,.(X,). .

B. Tl"lt:l; (()rb‘:;:.rt (,S(()r e )g (X)) 18 4 reduced objcct,‘ by ?vllich we mcu? th;::' :: [I;m:
neither a4 nontrivial subobject nor a nontrivial quotient isomorphic lo an or ejducbd
B. Any object X becomes isomorphic in the quotient cmego.ry A/B o nsl;1 iva]enéc
subquotient (. X), . The quotient category A/B can be descnb_ed up lo ‘:)qmorp
in the following way: It has the same objects as A, but .mOdlﬁed‘hqu/B e
groups such that — see [102]: objects X, Y qf A become ISDmOFRhIC ‘n;( - i
only if their reduced objects are isomorphic in A. For reduced objects X, :
the equality

Hompam(X, V)= Homp (X, Y).

tained in D=1, Note that 7o (Z{—1])

gram with exact columns and the exac
sequences {Theorem 11.1.3)

IL4 The Cohomology Functors 8l

Hence A/B is equivalent 1o the full subcategory of A defined by
(this however is in general not an abelian subcategory ol A).
IT'Y is left reduced and X is arbitrary, then Homp (X, Y) = Homp(X,, Y).

The reader is advised to describe the general composition law!

the reduced objects

114 The Cohomology Functors

It is a remarkable fact, that the derived
propertics. This property of derived e
(-structure.

category combines homological and cohomological
egorics carties over (o triangulated catepories with

Let D be a triangulated category with a I-structure. We define
HU(X) = T<)T=0X € Core(D) .
More generally we define for 11 € Z the n-th cohomology functors
H": D - Core(D)

by H'(X) = H"(X[nl); and similar K (1)

= T=0T=0(u[n]) for morphisms 1. Note
that

H"(X)|—n] = TenTan X .

We will prove below, that for these functors and fo

in the trizngulated category D there exists a long
abelian category Core( D).

To begin with let us assume Z =

radistinguished triangle (X, ¥, Z)
exact cohomology sequence in the

©>0Z € D=V: Then Z[~1] € D*' is con-
= 0 by I1.24, For a distinguished triangle
¢ now get the following commutative dia-
thorizontal row, using the long exact Honi-

¢X. Y, Z,u, v, w) and any A in D w

[ml._ i
Hom(A, (t< X)) & Homya, (z< 1))

T i

Hom(A, 120X} ———= Hom(A, T=0Y)

|

> Hom(AY) —= Hom(A, 2)

T

= Hom(A, t-_,Y)

b Y

=1} — Hom(A,X)

|

Hom(A, T-_1X)

o

¥ our Assumption on Z we zet
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a) y as in the diagram exists! It is the map induced from
[i TZ[)Y —- Z »

where ¢ is obtained from the factorization ¥ — oY = 1502 = 2.
b) 1.1 X—>1-_ Y, thus e and ff are isomorphisms.

The second statement tollows by adjunction from Hont(A, X) = Hom(A, Y) for
all A € D="!, using Theorem iL.1.3 and Hom(A, Z) = Hom(A, Z{ =1} = 0 for

A e D=1 by 11.2.14).

Claim. For Z = 1.pZ the sequence
(S) Hom(A, Z[-1D 2 Hom(A, t=0X) — Hom(A, =0Y) .4 Hom(A, 12.02)
is exact for any object A of the triangulated category D.

By an casy diagram chase = which is left to the reader — this is reduced (o the
exactness of the horizontal and the two vertical lines of the diagram. Exactness at
Hom(A, t=0X) follows from observation b) above. Exactness at Hom(A, t29Y)

uses
¢} The following holds
g le(Ker(n)) C Kcr(ad.-__llll.) .
Proofofc). Apply axiom TR3 of triangulated categorics, which provides a mor-
phism f and a commutative diagram (¢ inducing ¢, ¢ inducing )
de 111

v — ¥ — (e = vl

id

af
¥

y —— z —— X1l

id «
ull
My,

Note f = adj o t<-2(f). Apply Honi(A, ) 1o this diagram, to obtain
s(Ker(y)) C Ker(f.) = Ker(Hmn(A, (-1 D = Hom(A, X[l]))l.

However under the isomorphism 8~ !
subgroup Ker{ f.

(r= X1 — X{1], if the lower triangle of the following diagram commuies

ul Il

Xy —F—"

Y111

ad-_ [l f ad= 1]
(T u}d
(e on] S e

induced by the isomorphism (7 _yu)[1] the
) maps to the kernel Ker(ad=—1l11) of the morphism ad-1[1¢

I1.4 The Cohomology Functors 83

Conmmnuitativity of the diagram. The upper trisngle and the outer square of this dia-
gram commule by definition. Apply t-_», which collapses the diagram to its iowcr
map. [n patticular T _2( f) becomes an inverse of the isomorphism (7. )] 1] (fact
b)). However f lactors over the morphism - _1(f) to (1-_ X)|1] b); adjunction
Therefore the lower part of the dingram also commutes. : : E]

Co_rollzlry 4.1 .ﬁ’]em” the exact sequence (S) of the last claim, which was proved for
objects Z € D="_If we specialize to A varying in Core(D), then it implies the exact

sequence

0— H'X) — HYY) - HYZ)

inCore(D) ,

using the adjunction isomaorphism Hom(A, B) = Hom(A, <o B) for A € Core(D)
BeD. = ,

Corollary_4.2 Dually we obtain for Hy(X) = t-91-0X € Core(D) and distin-
guished triangles (X, Y, Z) in D with X € D=0 the following exact sequence

Ho(X) — Hp(Y) — Hy(Z) -+ 0 in Core(D) .

The exact sequences [1.4.1 and 11.4.2 can be fitted together using

Theorem 4.3 Let D be a triangulated category with t-structure. For the corre-

..;[;g?;i)ng functors Hy and H® there exists a_functorial isomorphism & : Hy(X) =

We postpone the proof of Theorem 11.4.3 to the i i i

. '  proof of 4.7 end of this section, Using this
tgeorem, we will tacitly identify Ho(X) = HO(X). Then the two exact sequences in
ore( D), proved above, turn out to be special cases of

-m 3 L ;

'in‘ aﬂ:l}t‘m 4.4 Let D be a trigngulated category and let (X, ¥, Z) be a distinguished
y gle in D. The cohomological functors attached 1o a t-structure of D induce a
ong exact cohiomology sequence in Core(D)

v —> H"(z)_, H[)(X) - HU(Y} . H"(Z)—b HI(X)-»

oof. Ohvious .
; 10usly one gets a complex. By the rotation axiom TR it is enough to show

BCINess at one place. s 0 i
7 one place, say HY(Y). The proofl of this teduces o the special cases

Lland 1140 .
- 4.2 considered above, Namely apply the functor #Y t 1y
Bram TRda (extended to the right) PPy r o the octaeder
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. id .
(2" el
Y - 02 T: —— GwlaX — 2> X S ) guum—
- ——->-r21zt—” . -
id il titd i
id 1
; y ailey thelz gy
« —Z|-1|——X ¥ - F T<nX X Tont1 X ——>

ad<g thil gy ) (T P

id
Togpat X ——— TS,"_|X .

Tf_llzl" 1} -—li" 1'5(}2[— 1] .

e lower row can be deduced by a diugran(} chase
pper row. Except the trivial statement H (Z) =
HY(z-oZ) this uses the fact, that H(X) — HOe) isan epimf)hrphlsr;-['ihlli ;0111)0315
from ;l 4.2 for the distinguished triangle (T=0Z[~ 11, X, o) wit z-_.;l - th‘;
Finally. c;:actncss at HY(Y) in the upper row follo";vs from 11.4.1 app i
distinguished triangle (e, Y, t-0Z) with -0Z € D=".

Now exactness al HYYY in th

Actually the upper morphism in the right square, whose existence is provided by the
e 0 in the u
from exactness at HV(Y) int

octzeder axiom, is uniquely determined. It has to be ad-, 1 by adjunction.
Now compare the distinguished triangles 7/ and T. Both triangles complete the
morphism atd=y 11 : T2 X — 12,41 X. Therefore, by Corollary 11.1.4, there exists

anisomorphism (8, id, id) : T — T'.In particular we get an isomorphism

: is in 8: TomTenX —+ TenTomX .
Exercise. 1f D is bounded with respect to the t-structure, then X = O resp. X isin < :
ixercise. $

D! orin D! Iff H*(X) =0 for all . resp. for allm = 1 165p. for all ni=G; Form = n = 0 the existence of this isomorphism proves Theorem 11.4.3, except

that 8 might not be functorial (since a priori it need not be uniquely defined). So the
proof of Theorem [1.4.3 will be completed by the following consideration.

b

se given 1 s =t

. Theorem [1.4.3. Suppose given Inlegers # = - 3
Pmr;_\fnfl :;.0 Ld_} id — Topsy to X and T2 X, for X £ D’.’Thlh ;tv.tsdlu\::d :sz
linguii:ﬂe{l t;i’:mgles T and T’ together with a morphism T" — T'in

T I . s} f : ] ¢ =m aa"-lr' Thib is & natur: ] 1r: l]f()rm' li .
hi i i i he leﬁ =
Al HE b dalion

Claim: o, f and § (as chosen above) make the following two diagrams commuta-
tive and this characterizes them uniquely, making them into natural transformations

square of as well:
=p+1
ad =0+ Y —
T T=n TZmX - Tzm X ol LN i
N . A T_‘S.l: ——— TEI.I rar.l.' Tffr —_—— rsrrrzm
L adn id \ /
iz, ¥ tifcy v etils (%] wiley *
tdn il
" T< = - X = Tznt! X——> alu\A /
T =i TomTagy — 8 Tom TomTay — = 5 Tom

5 - = Id S I
Here we used ad-y+1 @ dd=m = adzu N | -
On the other hand, starting from the lower squarc ad=y © ad |

L G en:
octaeder diagram gives a morphism T# — T of distinguished triangle

e_Pl'Dol' of the claim is

= adzm=1
Teader. Ope has to use

not difficult and we leave the details of its verification to
the existence of the maps 77 — T/ and T” — T defined




86 il. The Formalism of Derived Categorics

der we already have filled in y into the left

- i  the rea . . .
sbove (for the K the fol o nce of isomorphisms (given by adjunction

upper diagram) and the following sequer
isomorphisms and Lemina N.24 form = n)

y € Hom(Tzu, Tzm) < Hom(tn. TzaT=m) ER
L}
| — . 55.
= Hom(T=mT<n, Tom) Hom(T=mTen. T<pTom)

sition ¥ > dd=y © yr, the vertical
s ontal maps are defined by the cqmpos . - i
'L:i)':;nlf‘z compmi;)ilion prr o erd . Finally p =do ael= SINCE adzpof é
and ad<y 0 8 0 adzm =00 adam = V-
We getas i

v v - atl 8 de
Corollary-Definition 4.5 (Assume n = m). The natural transformation fines
orollary-De i 55 2 nlt o
an isomorphism 8 TomT<n = TanTom and we obtain a func

T} = TzmTsn = T<nTzm
o ht] Zm
which is the identity on DU == D=0 D

» T y p some t-
§ tructure Suppo.‘ic gl\‘e-“ K = Ob(D) dIld N . .K s jg H Illlp()lelll mors phl‘v. min l)
c. N 0 l(“ some ““Lgel . “IL‘.II Ule 'U"('W“lg 5 ldlelllClllh are Cquw;llelll
1. . v

i) K € Core,(D) .
((1:; The cone (;fN K — Kisin'D! L0 X).

5 q | 1ol
Hint: Show Cone(N%) & 'DI-P(X) il and only il Cone(N') € 'DPI(X), using
int. O

; : ] i
the triangle (C()nc(N"), Cone(Nz' ), Cone(N")), to reduce to the case N

11.5 The Triangulated Category pi(x,Qp

] i srived category in the ongl
The gl caogory of Qrshese b k8 R, R iercerin
obtained as a localization of a projectiv ) T O i

ind the reader, that the triangulated L..nebory‘ 1 ves M

- in Cha n;l?r:l order o define the Deligne-Fourier tra.nhl_'nm‘l. Irl :V:;Ll:;ct)“:nili
Ot L l‘; in the following chapters of the book, in particular fo g
O vy of perv m‘ . cheaves. A natural way 1o construct such & l.n:mgu ate e
1.Ec culcgorY' T’f pewcr:;;r it as d\c dircet limit of triangulated categorics qf E lﬁl:::j cﬁ;lc 3
{Jy-sheaves ‘?liloi.‘";?c: l{:xtcns‘i(lm fields of the ficld {f;. However itis nomn-\;l%;;ndiduh’- tiold
£ runs over & ‘ln rory of E-shcavcs with good properties. A naive r_uuu.lr.zl c g+
b f:dht"}: dgivcd category of the abelian calegory of m-adic %he‘w;;we i
fr‘?m wt’.ul‘l l:} (fol;tunulcly this abelian catcgory of n‘-;{dic sheaves d‘u_cs. nt?lnclors &
this section. Un ven acyclic objects, in order to define the interesting. Lll) o ot k10
n;lfny :I(U; Ch\‘is - ‘a:as derived functors in the usual way. The authors of this
A T e

assumptions. We e

fficient

nal sense. It i_S
finiteness
caves has already
n even
o0 0
ry of

igeometric points. The projective system ‘% is called smooth?, if all the sheaves %
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whether there is a mysierious way to define such derived functors with reasonable properties
in adirect way on the derived category of o -adic sheaves or the derived category of the abelian
citegory of constructible £-sheaves. On the other hand, Ekedahl [93] has defined a substitute
of the derived category of the abelian category of m-adic sheaves, Itis a triangulated category
with all the good properties, and which allows to define the “derived” functors of all the
usual functors in a reasonable way. In fact, Ekedahl’s definition is technically rather involved.
Fortunately, by the assumptions on the base scheme, which are made throughout this book, the
definition considerably simplifies. Cenain finiteness theorems then allow to define the desired
category by a kind of projective limit, more precisely a projective limit of 2-cateporics. We
start with the notion of x-adic sheaves.

The general reference for the following is |FK], chap. I, §12. See furthermore
[SGA4="§ |, rapport 4.5-4.8 and also Appendix A of this book.

In this section X will denote finitely generated schemes over a finite field or over
an algebraically closed field.

Let £ be a finite extension field of the field @y of I-adic numbers, let o be the
valuation ring of £ and let & be a gencrator of the maximal ideal of o, Let

or=0/m"0 , r=>1.

The prime number / is assumed to be invertible on X.

Excursion on 7-Adic Sheaves

We freely use notions and results from [FK] in the following. In particular the
notion of the A-R category (Artin-Rees category) will be of importance. However
it will be necessary to generalize from the {-adic sitvation considered in [FK] to the
w-adic case, The necessary medifications for this generalization are rather obvious.

‘See also Appendix A.

+ Suppose
G o= (),

is a projective system of constructible torsion a-module sheaves %, on X, such that

7% = . Then %, is a sheaf of o,-modules.
The system . is called a 7-adic sheal, if the following holds
G @, 0, = 1%, forall r =5,

1. The projective system ‘% is called flat, if all !4, have o,-free stalks for all
" o
ae locally constant sheaves. For a Hat r-adic system % and integers | <5 < r one
exact sequences of sheaves

00— :;r 5 =* .I,(rr—:u,'f‘ — 0‘

Bere the |eft map is induced by multiplication with 7* and the right is induced by
Natural quotient map ‘%, — %, ®,, 0, = &,.

ﬁ:ged locally constant in [FK] I §12. In French one uses “lisse” or previously “constant
be”,



